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ARITHMETIC PURITY, GEOMETRIC SIEVE
AND COUNTING INTEGRAL POINTS ON AFFINE QUADRICS
YANG CAO AND ZHIZHONG HUANG
岂曰无衣，与子同裳。
同气连枝，共盼春来。
Abstract. We prove asymptotic formulas for the density of integral points taking coprime poly-
nomial values on the affine quadrics defined by Q(X1, · · · ,Xn) = m, where Q is a non-degenerate
quadratic form in n > 3 variables and m a non-zero integer. is is a quantitative version of the
arithmetic purity of strong approximation off infinity for affine quadrics, a property that has been es-
tablished in our previous work, and may also be viewed as a refined version of the Hardy-Lilewood
property in the sense of Borovoi-Rudnick’s work.
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1. Introduction
Background and empiricism.e behavior of integral points on affine varieties defined over a
number field is sometimes more subtle than rational points. Studying integral points on an open
part of a variety naturally involves infinitely many congruence conditions, a problem to overcome
when trying to move integral points around in showing approximation results in adelic topol-
ogy. When the complementary of the open set has codimension at least two, no cohomological or
topological obstructions to the local-to-global principle for this open set can arise, which serves
as positive evidence for the following question first raised by Wienberg (c.f. [21, §2.7 estion
2.11]).
estion 1.1. Let X be a smooth variety over a number field satisfying strong approximation
(off a finite set of places). Does any open subset U ⊂ X satisfy also this property, whenever
codim(X \U ,X ) > 2?
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We shall say that suchX verifies the arithmetic purity (of strong approximation) (c.f. [6, Definition
1.2]). Recently the authors in [6, §1.3] seled this question in the affirmative for a wide class of
semisimple simply connected linear algebraic groups and consequently for their homogeneous
spaces (with connected stabilizers). We refer to the references therein for an account of known
results towards estion 1.1.
e purpose of this article is to address an effective or statistic aspect ofestion 1.1 concerning
the arithmetic purity off the real place R. Let X and U be as before defined over Q, with a fixed
integral model for each (still denoted by X ,U by abuse of notation). Assume that X is quasi-affine.
Embed X into an affine space An equipped with an archimedean height function ‖ · ‖. We ask the
following:
estion 1.2. Does there exist an asymptotic formula for
(1) NU (T ) := #{X ∈ U (Z) : ‖X‖ 6 T }, T →∞?
WhenU = X , this question is identical to the usual one of counting integral points on varieties.
e situation for symmetric varieties is relatively well-understood and different methods can be
applied. See notably the work [9] and the more recent one [4]. When such an asymptotic formula
exists (and assume thatX satisfies strong approximation), then one expects that the order of growth
of NX (T ) should be Tn−degX (depending on the embedding X ֒→ An), and the leading constant
should be the product of local densities. Varieties of this type are called (strongly) Hardy-Lilewood
aer Borovoi-Rudnick [3, Definition 2.2] (see also [9, p. 143]), and they satisfy
(2) NX (T ) ∼ τ∞(X ;T )
∏
p<∞
τˆp(X ),
where τˆp(X ) are the p-adic local factors (c.f. [3, (0.0.3)]) of X :
(3) τˆp(X ) := lim
t→∞
#X (Z/ptZ)
pt dimX
,
and if X is cut off in An by polynomials f1, · · · , fr ∈ Q[X1, · · · ,Xn], then
(4) τ∞(X ;T ) := lim
ε→0
1
εr
volRn {x ∈ Rn : ‖x‖ 6 T , | fi (x)| < ε
2
,∀1 6 i 6 r }
is the real Hardy-Lilewood density (for the embeddingX ֒→ An) ([3, (0.0.4)]) (or singular integral).
e infinite product
(5) G(X ) =
∏
p<∞
τˆp(X )
is called the singular series of X . It happens that an asymptotic formula exists for NX (T ), even if
X fails the integral Hasse principle and strong approximation (this failure is explained by Brauer-
Manin obstruction). Such X is called relatively Hardy-Lilewood ([3, Definition 2.3]), for which a
certain density function is included in describing NX (T ). A discussion on affine quadrics in three
variables, amongst varieties of this type, is given in §2.
Handling the cases U ( X , codimX (X \ U ) > 2 requires special care regarding certain infinite
congruence conditions. For instance, if Z = X \U is defined by two regular functions f ,д ∈ Q[X ]
with integral coefficients, the estimation of NU (T ) in (1) now boils down to
(6) #{X ∈ X (Z) : ‖X‖ 6 T , gcd(f (X),д(X)) = 1}.
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Here an “infinite” congruence condition comes in, since
gcd(f (X),д(X)) = 1⇔ X mod p < Z ,∀p,
although it is actually a condition about finitely many primes if we bound the height of X. A
geometric sieve was inaugurated by Ekedahl [10] when dealing with X = An. Further pursued
by Poonen [18, eorem 3.1] and Bhargava [2], this sieve method has demonstrated surprising
applications on the density of square-free polynomial values in various circumstances. eir results
provide
NU (T ) ∼ NAn (T )
∏
p<∞
(
1 − #Z (Fp)
#An(Fp)
)
.
e Lang-Weil estimate (c.f. [15], [6, Corollary 3.5]) shows that
#Z (Fp)
#An(Fp)
=
cp
p2
,
where cp > 0 is uniformly bounded for any prime p. Hence the above infinite product is absolutely
convergent. is motivates, at least forX being strongly Hardy-Lilewood, that ifestion 1.1 has
a positive answer to U (which implies that NU (T ) → ∞), and if an asymptotic formula (1) should
exist, then we expect
NU (T ) ∼ NX (T )
(∏
p<∞
τp(Z ;X )
)
,
where for almost all prime p (usually when X mod p is smooth),
τp(Z ;X ) = 1 −
#Z (Fp)
#X (Fp)
.
e quantity τp(Z ;X ) signifies the proportion of integral points lying in U (or outside Z ) modulo
p. is empiricism also suggests that we do not expect, among other reasons (e.g., existence of
non-constant invertible functions, c.f. [3, Lemma 1.5.2]), that the quantity NU (T ) could grow in the
same magnitude as NX (T ) when codimX (X \U ) = 1, as the infinite product would diverge to 0.
Results on affine quadrics.e goal of this article is to provide further positive answers towards
estion 1.2 beyond affine spaces, namely affine quadrics, as motivated by our recent progress
[6, eorem 1.5] on estion 1.1 for homogeneous spaces under spin groups. e authors also
learn of forthcoming work of Browning and Heath-Brown [5] dealing with projective quadratic
hypersurfaces.
Let Q(X) be an integral quadratic form in n variables X = (X1, · · · ,Xn). Suppose that Q is
indefinite (non-compact as a real form). Form ∈ Z,0, let us define the affine quadric
(7) Vm := (Q(X) =m) ⊂ An,
also serving as an integral model. enVm is a regular affine symmetric homogeneous space under
the group GQ = SpinQ . We fix once and for all a codimension two subset Z ⊂ Vm andU = Vm \ Z ,
and we assume throughout this article that Vm(Z) , 0.
We define the local p-adic factor for the open setU as follows. But to emphasize its complemen-
tary Z we denote it by τˆp(Z ;Vm) by abuse of notation:
τˆp(Z ;Vm) = lim
t→∞
#{ξ ∈ Vm(Z/ptZ) : ξ mod p < Z }
pt(n−1)
.(8)
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Our main result provides an asymptotic formula for (1) with leading constant in accordance with
expectation.
eorem 1.3. Let Vm be the affine quadric (7) with n > 4. en
NU (T ) ∼
(∏
p
τp(Z ;Vm)
)
NVm (T ),
where
(9) τp(Z ;Vm) =
τˆp(Z ;Vm)
τˆp(Vm)
.
For all sufficiently large prime numbers p (such that Vm is smooth modulo p),
(10) τp(Z ;Vm) = 1 −
#Z (Fp)
#Vm(Fp)
.
e affine quadric Vm satisfying strong approximation off infinity R, the set Vm(Z) is dense in
any arbitrarily small adelic neighborhood of
Vm(Ẑ) :=
∏
p<∞
Vm(Zp).
Fix S a finite set of places including R, such that Vm is smooth over ZS , and that for each p ∈ S , fix
an integer np ∈ N,0 and a residue ξp ∈ Vm(Z/pnpZ). ey form an adelic neighborhood
(11) WS :=
©­«
∏
p∈S
{x ∈ Vm(Zp) : x ≡ ξp mod pnpZp}ª®¬ × ©­«
∏
p<S
Vm(Zp)ª®¬ ,
as part of the adelic topological basis. From the counting viewpoint, we seek an asymptotic formula
for the counting function
N SU (T ) = #{X ∈WS ∩U (ZS ) : ‖X‖ 6 T }
describing the density of integral points in the set above, generalizing and refining (1). To state the
result, we define for each ξp ∈ Vm(Z/pnpZ), the p-adic density with residue ξp :
(12) τˆp(ξp ;Vm) = lim
t→∞
#{ξ ∈ Vm(Z/ptZ) : ξ ≡ ξp mod pnp }
pt(n−1)
.
eorem 1.4. Under the same assumptions in eorem 1.3, we have
N SU (T ) ∼
©­«
∏
p∈S
τp(ξp ;Vm)ª®¬ ©­«
∏
p<S
τp(Z ;Vm)ª®¬NVm (T ),
where τp(Z ;Vm) is given by (9) and
(13) τp(ξp ;Vm) =
τˆp(ξp ;Vm)
τˆp(Vm)
.
Moreover τp(ξp ;Vm) = (#Vm(Z/pnpZ))−1 if Vm is smooth modulo p.
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e quantity τp(ξp ;Vm) signifies the probability of p-adic integral points ofVm taking the residue
ξp modulo p
np . So the above formula is coherent with expectation. To see that (9) agrees with (10)
wheneverVm is smooth over Fp , let us first consider p < S . en by Hensel’s lemma, for any t > 1,
#Vm(Z/ptZ) = p(t−1)(n−1)#Vm(Fp),
(14) #{ξ ∈ Vm(Z/ptZ) : ξ ∈ Z mod p} = p(t−1)(n−1)#Z (Z/pZ),
so that
τˆp(Z ;Vm) =
#Vm(Fp) − #Z (Fp)
pn−1
.
us for any such p,
τp(Z ;Vm) =
τˆp(Z ;Vm)
τˆp(Vm)
= 1 − #Z (Fp)
#Vm(Fp)
.
Now assume p ∈ S . Hensel’s lemma tells that for any t > np ,
#{ξ ∈ Vm(Z/ptZ) : ξ ≡ ξp mod pnp } = p(t−np )(n−1),
so that
τp(ξp ;Vm) = 1
pnp (n−1)
(
#Vm(Z/pnpZ)
pnp (n−1)
)−1
=
1
#Vm(Z/pnpZ)
.
e distribution of integral points on affine quadrics in three variables are more subtle. ey
are divided into finitely many orbits under the spin group GQ . One key feature is that some orbits
may fail to verify the integral local-to-global principle and strong approximation. Each adelic orbit
OA := GQ (AQ) · (xp)p6∞ with (xp)p6∞ ∈ Vm(AQ) is the restricted product of the orbits Op :=
GQ (Qp) · xp with respect to Vm(Zp). We associate to OA a counting function
(15) NOA(T ) := #{x ∈ OA ∩ Zn : ‖x‖ 6 T },
and we define its p-adic density
(16) τˆp(OA) = lim
t→∞
#(Op ∩Vm(Zp) mod pt )
pt(n−1)
.
For the closed subset Z and the residue ξp , we also define (again by abuse of notation)
(17) τˆp(OA;Z ) = τˆp(OA;Z ;Vm) = lim
t→∞
#{ξ ∈ Op ∩Vm(Zp) mod pt : ξ mod p < Z }
pt(n−1)
,
τˆp(OA; ξp) = τˆp(OA; ξp ;Vm) = lim
t→∞
#{ξ ∈ Op ∩Vm(Zp) mod pt : ξ ≡ ξp mod pnp }
pt(n−1)
.(18)
eorem 1.5. Let n = 3. Assume moreover that the formQ is anisotropic over Q and that the integer
−m detQ is not a square. en
N SU (T ) ∼
∑
OA(∗)
OA∩Vm(Q),
©­«©­«
∏
p∈S
τp(OA; ξp)ª®¬ ©­«
∏
p<S
τp(OA;Z )ª®¬NOA(T )ª®¬ ,
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where (*) means that we sum over all (finitely many) orbits intersecting non-trivially with Vm(R) ×
Vm(Ẑ), and
(19) τp(OA; ξp) =
τˆp(OA; ξp)
τˆp(OA)
, τp(OA;Z ) =
τˆp(OA;Z )
τˆp(OA)
.
For almost all p, the quantity τp(OA;Z ) agrees with (10) for any OA verifying (*).
Strategies. Our approach of deriving the main term builds on the finer equidistribution result due
to Browning and Gorodnik [4, eorem 2.1], generalizing a result of Nevo and Sarnak [17, eorem
3.1]. It furnishes asymptotic formulas about the growth of integral points of bounded height in
certain affine symmetric homogeneous spaces (including affine quadrics) with certain prescribed
congruence residue, in which the main terms are given by Tamagawa measures of the adelic set
defining this congruence condition. Several main characteristics of their results, based on mixing
properties of algebraic groups, are the polynomial growth of error terms, and the uniformity of
dependence on the level of congruence. For simplicity let us ignore the condition on finitely many
residues (ξp)p∈S . Any condition imposing points of Vm(Z) to avoid the closed subset Z for a finite
set P of primes (of small moduli) forms an adelic subset C ⊂ Vm(R) ×Vm(Ẑ). We show in §3 that
the density of such points has the expected main term, i.e., the Tagamawa measure of C. In doing
so we consider alternating sums over the density of integral points with fixed residue lying in Z
modulo integers whose prime divisors are in P. For instance, if Z is the locus of two integral
regular functions f ,д ∈ Z[Vm], this procedure is nothing but a Mo¨bius inversion resulting from the
inclusion-exclusion principle:
#{X ∈ Vm(Z) : ‖X‖ 6 T ,∀p,p | f (X),p | д(X) ⇒ p > M}
=
∑
D∈N,0
p |D⇒p<M
µ(D)#{X ∈ Vm(Z) : ‖X‖ 6 T ,D | f (X),D | д(X)}
=
∑
D∈N,0
p |D⇒p<M
µ(D)
∑
ξ :f (ξ )≡д(ξ )≡0 mod D
#{X ∈ Vm(Z) : ‖X‖ 6 T ,X ≡ ξ mod D}.
en one applies the equidistribution results for the inner expression, each one being dominated
by the Tamagawa measure of corresponding adelic neighborhood defined in terms of ξ and the
level of congruence D. If one chooses the moduli M = M(T ) so that it grows as O(logT ) (as to be
determined in the last part) asT →∞, the so obtained main term, ignoring congruence conditions
at large primes, approximates the Tamagawa measure of Vm(R) ×U (Ẑ), which finally contributes
to the leading constant with infinite product in our main theorems.
Handling residues arising from large primes, which are expected to be negligible, necessitates
radically different ideas. To deal with prime moduli growing as Tα with α > 0 small enough to
be determined later (and no slower than logT ), the above equidistribution result can be applied,
again thanks to the polynomial growth of the error term. Prime moduli larger than a power of T
diverges into two parts, named respectively “intermediate primes” and “very large primes”:
Tα < p < T and p > T .
For the first case, we appeal to uniform estimates for integral points on quadrics in [4, §4 §5]
developed originally aiming at studying power-free polynomial values on symmetric spaces. is
slicing argument, applied straightforward to the cases n > 4, however a priori does not provide
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desired power saving for the case n = 3, as was also encountered in [4, p. 1078]. To overcome this
difficulty, we make essential use of the assumption that −m detQ is non-squared and that the form
Q being Q-anisotropic in our argument. All these guarantee that no sliced piece contains any line
or conic and thus contributes few integral points. can Note that these conditions also appear in
results of Liu-Sarnak [16].
One technical core of this paper is the treatment of very large primes, which combines the
Ekedahl-type geometric sieve [10] with the half-dimensional sieve due to Friedlander-Iwaniec [11]
[12], both developed for affine quadrics. e laer result can be rephrased as the density of qua-
dratic polynomial values represented by a binary quadratic form, which may be of independent
interest.
eorem 1.6. LetQ1(x) be a quadratic polynomial inM > 1 variables,Q2(u,v) be a binary positive-
definite quadratic form, andm ∈ Z,0. Assume that,
• if M > 2, then the affine quadric (Q1(x) = 0) ⊂ AM is smooth;
• if M = 1, then the affine quadric
(∗∗) (Q1(x) = Q2(u,v)) ⊂ A3
is smooth and has anisotropic stabilizer.
en
#{x ∈ ZM : ‖x‖ 6 T ,∃(u,v) ∈ Z2, (∗∗) holds} = O
(
Tn−2√
logT
)
,
where the implicit constant may depend on Q1,Q2.
Remark 1.7. Without the assumption that the stabilizer being anisotropic, the estimate ineorem
1.6 is false, as clearly seen from the example x2 + 1 = u2 +v2.
It would be interesting to investigate whether eorem 1.5 remains valid for affine quadrics of
dimension twowithout assuming that the formQ being anisotropic, or even for thosewith isotropic
stabilizers. A different feather is that the singular series (5) diverges and the order of magnitude of
the main term would be T logT instead of T (c.f. [9, p. 146]).
Structure of the paper. In Section 2 we recall Tamagawameasures on affine quadrics, and we dis-
cuss the convergence of the infinite products ineorems 1.3, 1.4, 1.5. In Section 3, the main terms
are derived. Section 4 is entirely devoted to the treatment of error terms. In Section 5 we assemble
all afore-obtained estimates and finish the proof. More layouts are sketched at the beginning of
each section.
Notations and conventions. Unless otherwise specified, the implicit constant is only allowed to
depend on the affine quadric Vm ֒→ An, the closed subset Z and the residues (ξp)p∈S . Any extra
dependence of the arguments and results that we use of in course of the proof will be explicitly
stated. e leer p is always reserved for prime numbers. We write pk ‖n for certain k ∈ N,n ∈ N,0
if pk | n and pk+1 ∤ n. We write µ(·) for the Mo¨bius function, and Ω(n) for the number of prime
divisors of n ∈ N,0.
2. Tamagawa measures on affine qadrics
e goal of this section is to recall the definition of Tamagawa measures. We refer to [3, §1.6]
and [20, §2] for details. Let L be a connected unimodular (i.e., equipped with a (both le and right)
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invariant gauge form) group over Q. Let ϱL be the Galois representation on the space of characters
X∗(L) ⊗Z Q and let tL be the multiplicity of the trivial representation in ϱL. Let
L(s, ϱL) =
∏
p<∞
Lp(s, ϱL)
be the associated Artin L-function. e function L(s, ϱL) has a pole of order tL at s = 1. Define the
convergence factors
rL = lim
s→1
(s − 1)tLL(s, ϱL), λp,L = Lp(1, ϱL)−1.
en the Tamagawameasure (with respect to the convergence factors (rL, (λp,L)p<∞)) is the product
measure on L(AQ)
mL = r
−1
L m∞,L
∏
p<∞
λ−1p,Lmp,L,
where m∞,L,mp,L (p < ∞) are local measures induced by the fixed gauge form, and mL is inde-
pendent of the choice of gauge form. is product measure is absolutely convergent, meaning that
applying to any adelic neighborhood the resulting infinite product is absolutely convergent, by
Ono’s theorem [20, Appendix 2]. e choice of convergence factors is such that the additive group
and the multiplicative group both have Tamagawa number equal to one. If L is moreover semisim-
ple and simply connected without non-trivial Q-characters, the convergence factors above are not
necessary and can be sorted out, andmL =m∞,L
∏
p<∞mp,L remains absolutely convergent.
Returning to the affine quadric Vm (7). We suppose throughout that Vm(Q) ,  and that Vm(R)
has no compact components. enVm is a homogeneous space underGQ = SpinQ , the double cover
of SOQ , with stabilizer HQ ≃ SpinQ |P⊥ , where P ∈ Vm(Q) and P⊥ is the orthogonal complement of
P . We have
dimGQ =
n(n − 1)
2
, dimHQ =
(n − 1)(n − 2)
2
.
Since n > 3, the groupGQ is semisimple and simply connected, so is HQ if n > 4. Special aention
is paid to affine quadrics in three variables because HQ is isomorphic to a torus. It is anisotropic
over Q (hence has no Q-characters) precisely when −m det(Q) is not a square, a condition that
we shall always assume and denoted by −m det(Q) ,  in the sequel. To ease notations, we
write G = GQ ,H = HQ . Both G,H are unimodular, so upon fixing an invariant gauge form for
each, then on Vm there exists an invariant gauge form matching together with those of G,H . Let
m∞,Vm ,mp,Vm (p < ∞) be the corresponding local measures. Having defined the convergence factors
rG , rH , (λp,G)p<∞, (λp,H )p<∞ as above, the product measure
mVm = r
−1
Vm
m∞,Vm
∏
p<∞
λ−1p,Vmmp,Vm ,
where
rVm =
rG
rH
, λp,Vm =
λp,G
λp,H
,
is the induced Tagamawa measure on Vm(AQ), which is also absolutely convergent (c.f. [3, Lemma
1.6.5]). As G is semisimple and simply connected, the above formula formVm can be simplified to
(20) mVm = rHm∞,Vm
∏
p<∞
λp,Hmp,Vm .
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Note that for any p-adic neighborhoodY ⊂ Vm(Zp), one has (c.f. [3, Lemma 1.8.1])
mp,Vm (Y) = limt→∞
#(Y mod pt )
pt(n−1)
.
We first discuss the case n > 4, in which HQ is simply connected. So Vm is strongly Hardy-
Lilewood by [3, Proposition 2.9], and orbits of rational points are in bijection with those of adelic
points (c.f. [3, eorem 3.2]). So (2) now writes
(21) NVm (T ) ∼mVm (Vm(R) ×Vm(Ẑ)) = τ∞(Vm ;T )
∏
p<∞
τˆp(Vm),
with real Hardy-Lilewood density (c.f. (4) and [3, Lemma 1.8.2])
(22) m∞,Vm (Vm(R)) = τ∞(Vm;T )
and absolutely convergent singular series (c.f. (5))
G(Vm) =
∏
p<∞
τˆp(Vm),
where the local factors τˆp(Vm) are given by (3). If Vm(Zp) ,  for all prime p, then τˆp(Vm) , 0 for
any prime p and (c.f. [9, Example 1.5])
(23) NVm (T ) ∼ cVmTn−2
for certain cVm > 0 (and a fortiori Vm(Z) , ). us a quantitative local-to-global principle holds
with the leading constant expressed as product of local factors. We will need the following (recall
(8) (9)).
Lemma 2.1. e infinite product
(24)
∏
p<∞
τp(Z ;Vm) =
∏
p<∞
τˆp(Z ;Vm)
τˆp(Vm)
is absolutely convergent.
Proof. e Lang-Weil estimate [6, Corollary 3.5] and Hensel’s lemma (14) gives
(25) 1 − τˆp(Z ;Vm) =
#Z (Z/pZ)
pn−1
= O
(
1
p2
)
,
uniformly for any p such that Vm is smooth over Fp . us the infinite product∏
p<∞
τˆp(Z ;Vm)
and the singular seriesG(Vm) are both absolutely convergent, and from which we deduce the ab-
solute convergence of (24). 
Secondly we discuss the case n = 3 where the stabilizer H is a torus and fails to be simply
connected, so thatVm is not strongly but only relatively Hardy-Lilewood, with a locally constant
density function δ (·) on Vm(AQ) with values in {0, 2} (c.f. [4, p. 1047-1048], [3, §3]) characterizing
orbits intersecting Vm(Q):
δ (OA) > 0⇔ OA ∩Vm(Q) , .
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As we assume that H is anisotropic, then tH = 0 (in other words, rkZX
∗(H)Gal(Q¯/Q) = 0) and
rH = L(1, ϱH ) in (20). e action of G(AQ) on Vm(AQ) is open by Lang’s theorem (c.f. [3, Lemma
1.6.4]), but not transitive in general. So there are finitely many (open) orbits OA,i , i ∈ I of Vm(AQ)
under G(AQ) intersecting non-trivially with Vm(R) ×Vm(Ẑ), so that
NVm (T ) =
∑
i∈I
NOA,i(T ).
For any orbit OA among them, we have Vm(Zp) ⊂ Op for almost all p, and so (recall (16) (17))
(26) τˆp(OA) = τˆp(Vm), τˆp(OA;Z ) = τˆp(Z ;Vm).
To interpret the leading constant as product of local densities, we define analogously the real
Hardy-Lilewood density τ∞(OA;T ) for each (fixed connected component of) orbit OA (c.f. [4, p.
1048 (1.11)]). en by [3, eorem 5.3], the quantity (15) is asymptotically equivalent (up to the
constant δ (OA)) to the Tamagawa measure (restricted to Vm(R) ×Vm(Ẑ)) of the orbit:
(27) NOA(T ) ∼ δ (OA)L(1, ϱH )
(∏
p<∞
Lp(1, ϱH )−1τˆp(OA)
)
τ∞(OA;T ).
e infinite product in (27) is absolutely convergent. e same argument as proving (24) yields:
Lemma 2.2. e infinite product
(28)
∏
p<∞
τp(OA;Z ) =
∏
p<∞
τˆp(OA;Z )
τˆp(OA)
is absolutely convergent.
Remark 2.3. e density function δ (·) can equivalently be defined in terms of orthogonal locus
of the Brauer group Br(Vm), as the failure of integral Hasse principle for Vm can be explained by
integral Brauer-Manin obstruction (c.f. [8, eorem 3.7, §5.6, §5.8]). See the work of Wei-Xu [19]
for various explicit formulas in this spirit.
Remark 2.4. Upon choosing “good” integralmodels, the finiteness of orbits ofVm(Z) under SpinQ (Z)
is guaranteed by Borel-Harish–Chandra theory, which also allows to work with every single orbit.
See [16].
3. Towards the main term – primes of small moduli
e goal of this section is to derive asymptotic formulas for the density of integral points in a
fixed adelic neighborhood ofVm(Ẑ) (which we choose to beWS (11)) lying in the open setU modulo
any sufficiently small prime with explicit error terms, and prove that they contribute to the main
term. For the sake of simplicity, we shall only state our results in terms of affine quadrics: eorem
3.4 forn > 4 andeorem 3.5 forn = 3. Our proof can be extended verbatim to any affine symmetric
spaces verifying the conditions (i)–(iv) in [4, p. 1045], in particular to any principal homogeneous
spaces under semisimple simply connected groups.
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Ingredients. Results in what follows are recorded from [4, §3]. ey show that the growth of
integral points with prescribed residue modulo any non-zero integer is in accordance with the
Tagamawa measure of the corresponding adelic neighborhood. Let us define for l ∈ N,0, ξ ∈
(Z/lZ)n ,
Vl (T ; ξ ) := #{X ∈ Vm(Z) : ‖X‖ 6 T ,X ≡ ξ mod l}.(29)
Proposition 3.1 ([4], Proposition 3.1). Assume that n > 4. en there exists 0 < δVm < 1, depending
only on Vm , such that, uniformly for any l ∈ N,0, ξ ∈ Vm(Z/lZ),
Vl(T ; ξ ) = τ∞(Vm;T )
∏
p<∞
τˆp(Vm; ξ , l) +O(l
(3n−2)(n−1)
2 τ∞(Vm;T )1−δVm ),
where τ∞(Vm;T ) is the real Hardy-Lilewood density (22), and
τˆp(Vm; ξ , l) := lim
t→∞
#{x ∈ Vm(Z/ptZ) : x ≡ ξ mod pordp (l)}
pt(n−1)
.
Remark 3.2. e group SpinQ is always Q-simple if n > 5 or n = 3, whereas when n = 4, it can
happen that SpinQ ≃ J × J where J is a Q-form of SL2,Q. As explained in [4, Remark 2.4], the above
asymptotic formula remains true for affine quadrics in four variables, whose spin group SpinQ can
possibly be not Q-simple.
We state correspondingly the result for adelic orbits for the treatment of the case n = 3.
Proposition 3.3 ([4] (3.7)). ere exists 0 < δVm < 1, depending only onVm , such that, uniformly for
every orbit OA of Vm(AQ) underG(AQ) and for every l ∈ N,0 and ξ ∈ Vm(Z/lZ), we have
Vl (OA;T ; ξ ) := #{X ∈ OA ∩Vm(Z) : ‖X‖ 6 T ,X ≡ ξ mod l}
= δ (OA)τ∞(OA;T )L(1, ϱH )
∏
p<∞
Lp(1, ϱH )−1τˆp(OA; ξ , l)
+O(l (3n−2)(n−1)2 τ∞(OA;T )(1−δVm )),
where τ∞(OA;T ) is the real Hardy-Lilewood density of the orbit OA [4, (1.11)] and
τˆp(OA; ξ , l) := lim
t→∞
#{ξ ∈ OA ∩Vm(Zp) mod pt : ξ ≡ ξp mod pordp (l)}
pt(n−1)
.
Affine quadrics of dimension greater than three. Let us recall the adelic neighborhoodWS (11)
and define
N S,M
U
(T ) := #{X ∈WS ∩Vm(Z) : ‖X‖ 6 T ,∀p < S,p < M,X mod p < Z }.(30)
eorem 3.4. Assume that n > 4. en for anyM sufficiently large,
N S,M
U
(T ) = τ∞(Vm,T ) ©­«
∏
p∈S
τˆp(ξp ;Vm)ª®¬ ©­«
∏
p<S,p<∞
τˆp(Z ;Vm)ª®¬ + Er(T ;M),
where
(31) Er(T ;M) = Oε
(
2Ω(PM,S )P
(3n−2)(n−1)
2 +n−3+ε
M,S
T (n−2)(1−δVm ) +
Tn−2
M
)
, PM,S :=
∏
p<S,p<M
p.
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Proof of eorem 3.4. To simply notations and to keep summation formulas from being overloaded,
let PS =
∏
p∈S pnp , and by Chinese remainder theorem, we extract ξ0 ∈ Vm(Z/PSZ) the unique
element such that ξ0 ≡ ξp mod pnp , so that the conditions X ≡ ξp mod pnp ,∀p ∈ S integrate into
only one condition X ≡ ξ0 mod PS .
Next for any D ∈ N,0 square-free, such that gcd(D, PS) = 1, we define the quantity
VS,D(T ;Z ) := #{X ∈ Vm(Z) : ‖X‖ 6 T ,X ≡ ξ0 mod PS ,X mod D ∈ Z }.(32)
By the Lang-Weil estimate, for any l ∈ N,0, we have
#Z (Z/lZ) ≪ε ln−3+ε .
On invoking Proposition 3.1 for l = D′ = DPS , we estimate VS,D(T ;Z ) as follows.
VS,D(T ;Z ) =
∑
ξ∈Vm (Z/D ′Z)
ξ mod D∈Z
ξ≡ξ0 mod PS
VD ′(T ; ξ )
=
∑
ξ∈Vm (Z/D ′Z)
ξ mod D∈Z
ξ≡ξ0 mod PS
(
τ∞(Vm;T )
∏
p<∞
τˆp(Vm; ξ ,D′) +O(D
(3n−2)(n−1)
2 τ∞(Vm;T )1−δVm )
)
= τ∞(Vm;T ) ©­«
∏
p∈S
τˆp(Vm; ξ0, PS)ª®¬ ©­«
∑
ξ∈Z (Z/DZ)
∏
p |D
τˆp(Vm; ξ ,D)ª®¬ ©­«
∏
p∤D ′
τˆp(Vm ; ξ ,D′)ª®¬
+O(#Z (Z/DZ)D (3n−2)(n−1)2 τ∞(Vm;T )1−δVm )
= τ∞(Vm;T ) ©­«
∏
p∈S
τˆp(ξp ;Vm)ª®¬ηD(Z ) ©­«
∏
p∤D
τˆp(Vm)ª®¬ +Oε(D
(3n−2)(n−1)
2 +n−3+εT (n−2)(1−δVm )),
where
ηD(Z ) :=
∏
p |D
lim
t→∞
#{ξ ∈ Vm(Z/ptZ) : ξ mod p ∈ Z }
pt(n−1)
=
∑
ξ∈Z (Z/DZ)
∏
p |D
τˆp(Vm; ξ ,D),
and because
∀p ∈ S, τˆp(Vm; ξ0, PS) = τˆp(Vm; ξp,pnp ) = τˆp(ξp ;Vm),
∀p ∤ D′, τˆp(Vm; ξ ,D′) = τˆp(Vm).
By means of the inclusion-exclusion principle and the Chinese remainder theorem,∑
D∈N,0 square-free
D |PM,S
µ(D)ηD (Z ) =
∏
p<M,p<S
lim
t→∞
#{ξ ∈ Vm(Z/ptZ) : ξ mod p < Z }
pt(n−1)
=
∏
p<M,p<S
τˆp(Z ;Vm).
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Using the above formulae of VS,D(T ;Z ) (32), we can estimate the quantity N S,MU (T ) (30).
N S,M
U
(T ) =
∑
D∈N,0 square-free
D |PM,S
µ(D)VS,D (T ;Z )
= τ∞(Vm;T ) ©­«
∏
p∈S
τˆp(ξp ;Vm)ª®¬ ©­«
∏
p<M,p<S
τˆp(Z ;Vm)ª®¬ ©­«
∏
p>M
τˆp(Vm)ª®¬
+O(2Ω(PM,S )P
(3n−2)(n−1)
2
+n−3+ε
M,S
T (n−2)(1−δVm )).
We see that the error term contributes to the first part of Er(T ;M).
To get the desiredmain term, it remains to extend the finite product
∏
p<M,p<S τˆp(Z ;Vm) to infinite
product. anks to the Lang-Weil estimate ([15], [6, Corollary 3.5])
cp :=
#Z (Fp)
#Vm(Fp)
= O
(
1
p2
)
.
en by Lemma 2.1,
©­«
∏
p>M
τˆp(Vm)
τˆp(Z ;Vm)
ª®¬ − 1 = ©­«
∏
p>M
#Vm(Fp)
#Vm(Fp) − #Z (Fp)
ª®¬ − 1
= exp
©­«−
∑
p>M
log
(
1 − cp
p2
)ª®¬ − 1
= O
©­«
∑
p>M
1
p2
ª®¬ = O
(
1
M
)
.
We recall that
τ∞(Vm;T ) = O(Tn−2)
by (23). erefore this contributes to second term of Er(T ;M), and finishes the proof. 
Two-dimensional quadrics. Similarly to (30), let us define for each orbit OA,
N S,M
U ,OA
(T ) := #{X ∈ OA ∩WS ∩Vm(Z) : ‖X‖ 6 T ,∀p < S,p < M,X mod p < Z }.
Employing an argument akin to the one in proving eorem 3.4 immediately yields:
eorem 3.5. For any orbit OA satisfying (*) in eorem 1.5,
N S,M
U ,OA
(T )
=τ∞(OA,T )L(1, ϱH )δ (OA) ©­«
∏
p∈S
Lp(1, ϱH )−1τˆp(OA; ξp)ª®¬ ©­«
∏
p<S,p<∞
Lp(1, ϱH )−1τˆp(OA;Z )ª®¬ + Er(T ;M),
where Er(T ;M) is identical to the one in eorem 3.4.
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Remark 3.6. e work [16] deals with two-dimensional quadrics defined by anisotropic forms,
using a hyperbolic laice point counting approach totally different from the works [4] [17]. It also
provides estimates similar to Proposition 3.3 (aiming at sieve problems about almost primes solu-
tions), whose error terms also have polynomial growth and are related to the Selberg eigenvalue
conjecture.
4. Treatment of error terms
e whole section is devoted to showing that residues arising from other prime moduli are neg-
ligible.
For any 0 < N1 < N2 6 ∞ sufficiently large, let us define
(33) V (T ;N1,N2) := #{X ∈ Vm(Z) : ‖X‖ 6 T ,∃p ∈ [N1,N2],X mod p ∈ Z }.
According to the range ofN1,N2, we separate our discussion into three parts, inwhich (33) is treated
using different methods. In §4.1 we derive an upper bound for (33) valid for arbitrary N1,N2, which
is satisfactory if we take N1 going to infinity asT grows and N2 = T
α with α > 0 sufficiently small.
In §4.2, on taking N1 = T
α
,N2 = T , we deal with the residues coming from intermediate primes,
by employing various Serre-type uniform bounds for integral points on quadrics. In §4.3 and §4.4
we match together a generalised geometric sieve a` la Ekedahl and a half-dimensional sieve a` la
Friedlander-Iwaniec for affine quadrics so as to derive a satisfactory upper bound for V (T ;T ,∞).
We shall always throughout assume that Vm(Q) ,  and −m detQ ,  if n = 3. And we shall
emphasise the uniformity of dependence on variables in the assumption of all statements. Unless
otherwise specified, all implicit constants are only allowed to depend on Vm and Z .
4.1. Extension to prime moduli of polynomial growth. e purpose of section is to prove
eorem 4.1. Suppose that N2 < ∞. en
V (T ;N1,N2) = O
(
Tn−2
N1
+ N
(3n−2)(n−1)
2
+n−2
2 T
(n−2)(1−δVm )
)
.
Proof. We shall only deal with the case n > 4, and that of n = 3 is reduced to considering every
single orbit and applying Proposition 3.3. We now rerun the argument in proving eorem 3.4.
Analogous to (32), for p < S , we define the quantityVp(T ;Z ) by forgeing the congruent conditions
for primes in S :
(34) Vp(T ;Z ) := #{X ∈ Vm(Z) : ‖X‖ 6 T ,X mod p ∈ Z }.
For any p0 sufficiently large and ξ ∈ Z (Fp0), by Hensel’s lemma in a manner similar to (14),
τˆp0(Vm ; ξ ,p0) = p−(n−1)0 ,
and for any p , p0,
τˆp(Vm; ξ ,p) = τˆp(Vm).
By Lang-Weil estimate (c.f. [6, Corollary 3.5]), we have
(35) Z (Fp) ≪ pn−3
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for any prime p. Applying Proposition 3.1 by taking l = p0 > N1, we get:
Vp0(T ;Z ) =
∑
ξ∈Z (Fp0 )
Vp0(T ; ξ )
=
∑
ξ∈Z (Fp0 )
(
τ∞(Vm;T )τˆp0(Vm; ξ ,p0)
∏
p,p0
τˆp(Vm) +O(p
(3n−2)(n−1)
2
0 τ∞(Vm;T )1−δVm )
)
= τ∞(Vm;T )G(Vm)
#Z (Fp0)
#Vm(Fp0)
+O(#Z (Fp0)p
(3n−2)(n−1)
2
0 τ∞(Vm;T )1−δVm )
= O
(
Tn−2
p20
+ p
(3n−2)(n−1)
2 +n−3
0 T
(n−2)(1−δVm )
)
,
whereG(Vm) is the singular series (5).
Summing over all such p0’s, we get an the following upper bound for V (T ;N1,N2):
V (T ;N1,N2) 6
∑
N16p06N2
Vp0(T ;Z )
=
∑
N16p06N2
O
(
Tn−2
p20
+ p
(3n−2)(n−1)
2 +n−3
0 T
(n−2)(1−δVm )
)
≪ T
n−2
N1
+ N
(3n−2)(n−1)
2
+n−2
2 T
(n−2)(1−δVm ).
is gives the desired expression for the bound. 
4.2. Intermediate primes of polynomial range. e goal of this section is to show:
eorem 4.2. Assume moreover that the quadratic form Q is anisotropic over Q if n = 3. en for
any α > 0,
V (T ;Tα ,T ) = Oα
(
Tn−2
logT
)
.
Compared to the order of growth Tn−2 of the main term, this is satisfactory.
We shall separate our discussion into the cases n = 3 and n > 4. While dealing with the laer is
relatively straightforward, the casen = 3 requires some slightlymore involved analysis. It turns out
that we need satisfactory bounds for the quantity (29), which are uniform respect to p and ξ ∈ Fnp ,
and we need to prove that the contribution from summing over all p in range is still satisfactory.
Our argument is inspired by [4, §5].
4.2.1. Ingredients. We record here a uniform estimate of integral points on affine quadrics due to
Browning-Gorodnik, which is also useful in §4.4. For q ∈ Z[x1, · · · ,xm] a polynomial of degree
two, the quadratic part q0 of q is the homogeneous degree two part of q. Let rk(q0) denote the rank
of the quadratic form q0.
eorem 4.3 ([4] eorem 1.11). Let q ∈ Z[x1, · · · ,xn] be an irreducible polynomial of degree two.
Assume that rk(q0) > 2. en we have for any ε > 0,
#{x ∈ Zn : ‖x‖ 6 T ,q(x) = 0} = Oε(Tn−2+ε ).
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We emphasis that the implicit constant is independent of the polynomial q. e case of n = 3
is a direct consequence of dimensional growth bounds obtained by Browning, Heath-Brown and
Salberger (c.f. [4, Lemma 4.1]).
4.2.2. Two-dimensional affine quadrics. We first recall the following basic fact.
Lemma 4.4. Assume that Vm(Q) , . en the condition that −m detQ ,  is equivalent to the one
that Vm does not contain any line over Q.
Proof. We first note that Pic((Vm)Q) = Z. To see how Pic((Vm)Q) is generated, we recall that a
projective quadric surface S in P3 over Q has Picard group Pic(S) ≃ Z2. Any hyperplane section
H intersects S into a conic curve C of divisor type (1, 1). So that Pic(S \ H) ≃ Z2/Z(1, 1) ≃ Z. In
particular, if the conic curveC splits into two lines, then any of them generates Pic(S \H). So if we
compactify Vm into Vm ⊂ P3 and view Vm = Vm \ H for some hyperplane section H , then the class
of any Q-line on Vm generates Pic(Vm).
Let d = −m detQ and fix P ∈ Vm(Q). Let H ≃ (x2 − dy2 = 1) be the stabilizer of SpinQ acting on
P . e group G = Gal(Q(
√
d/Q)) operates on Hˆ ≃ Pic((Vm)Q), so that
Pic(Vm) ≃ HˆG .
On the one hand, if d = , then the tangent plane at P intersects Vm into two lines over Q (c.f. [8,
p. 333]). On the other hand, if d , , by [8, p. 331], we have Pic(Vm) = 0. So we conclude that Vm
cannot contain a Q-line when d , . 
With this at hand, we now show:
Proposition 4.5. Assume that the quadric (Q = 0) is anisotropic over Q and that −m detQ , .
en we have, uniformly for any 1 ≪ p < T and ξ ∈ F3p ,
Vp(T ; ξ ) ≪ε
T ε
pε
+
T 1+ε
p
4
3
.
Proof. Either Vp(T ; ξ ) = 0, for which the desired estimate is evident, or we can find X0 ∈ Vm(Z)
such that, ‖X0‖ 6 T ,X0 ≡ ξ mod p. By making the change of variables X = X0 + py, the new
variable y ∈ Z3 verify the following equations:
(36) ‖y‖ 6 2T
p
, y · ∇Q(X0) + pQ(y) = 0.
Since X0 is a smooth point of Vm , we have ∇Q(X0) , 0. Moreover p ∤ gcd(X0), since otherwise
p | m, which cannot happen for p large enough. Since X0 ≡ ξ mod p, the second equation implies
that y lies in the laice
Γξ := {x ∈ Z3 : p | x · ∇Q(ξ )}
of determinant≫≪ p, with implicit constants depending only on Q (c.f. [4, p. 1076]). us
(37) Vp(T ; ξ ) 6 MX0,ξ (T ),
where
MX0,ξ (T ) := #{y ∈ Γξ : ‖y‖ 6
2T
p
, y · ∇Q(X0) + pQ(y) = 0}.
We are led to bounding MX0,ξ (T ).
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Choose a minimal basis L = (l1, l2, l3) of Γξ such that (c.f. [4, (5.3)])
‖l1‖ 6 ‖l2‖ 6 ‖l3‖, ‖l1‖‖l2‖‖l3‖ ≫≪ p,
so that, by making the non-singular change of variables y 7→ L ·z, the new variable z = (z1, z2, z3) ∈
Z3 verifies, by (36) and [4, p. 1075],
(38) |zi | ≪
T
‖li ‖p
, 1 6 i 6 3, Q˜(z) + z · Y0 = 0,
where
Q˜(z) = Q(Lz), Y0 = p−1L · ∇Q(X0).
Next we slice the second equation of (38) into the variable z3 and get for each fixed integer z3 a
resulting polynomial qz3 ∈ Z[z1, z2]. By (38), the total number of z3 is
≪ 1 + T
p‖l3‖
.
Observe that for any z3 ∈ Q,
(qz3)0 = Q˜(z1, z2, 0).
e laer, viewed as quadratic form in two varieties, has rank 1 (that is, rk((qz3)0) = 1) if and only
if z3 = 0 is the tangent plane at certain point defined over Q of the projective quadric (Q = 0) ⊂ P2
with homogeneous coordinates [z1 : z2 : 0]. By assumption that (Q = 0) is Q-anisotropic, we
conclude that this is impossible, and hence for any z3 ∈ Q, rk((qz3)0) = 2. Next, if for certain
z3 = κ, the polynomial qκ is reducible over Q, that is, it splits into two polynomials f1, f2 of degree
one, then (z3 = κ)∩(fi = 0) defines aQ-line onVm for i = 1, 2 (since the change of variables at each
step is non-singular). is is absurd by Lemma 4.4 as we always assume that −m detQ , . So
for any z3 ∈ Q, the polynomial qz3 is irreducible over Q. eorem 4.3 shows that the contribution
from integral points on the quadric qz3 = 0 is (as we assume p 6 T )
Az3(T ) := #{(z1, z2) ∈ Z2 : max
i=1,2
|zi | 6 T ,qz3(z1, z2) = 0}
= Oε
(
1 +
(
T
p‖l1‖
)ε )
= Oε
(
T ε
pε
)
.
erefore we obtain an upper bound forMX0,ξ (T ) as follows:
MX0,ξ (T ) 6
∑
|z3 |≪1+ Tp ‖l3 ‖
Az3(T )
≪ε
(
1 +
T
p‖l3‖
)
× T
ε
pε
= Oε
(
T ε
pε
+
T 1+ε
p
4
3
)
,
because ‖l3‖ ≫ p 13 . is finishes the proof, thanks to (37). 
Proof of eorem 4.2 for the case n = 3. Since dimZ = 0, we have #Z (Fp) 6 degZ for every prime
p. Employing the estimate (c.f. [1, Proposition 10])
(39)
∑
p6X
1
pσ
≪σ X
1−σ
logX
, 0 < σ < 1,
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and Proposition 4.5, we sum over all primes in the interval [Tα ,T ] and we get, for any 0 < ε <
min(12 , 13α),
V (T ;Tα ,T ) 6
∑
T α6p6T
∑
ξ∈Z (Fp )
Vp(T ; ξ )
≪ε (degZ )
∑
T α6p6T
(
T ε
pε
+
T 1+ε
p
4
3
)
≪ε
T ε ×T 1−ε
logT
+T 1+ε−
1
3
α
= Oε
(
T
logT
)
.
We fix ε > 0 small enough in terms of α so that the implicit constant above depends only on α .
is gives the desired upper-bound. 
4.2.3. Affine quadrics of dimension > 3. Now we turn to the case n > 4. e key input for us is the
following estimate obtained by Browning and Gorodnik.
Proposition 4.6 ([4] Proposition 5.1). Assume n > 4. en
Vp(T ; ξ ) ≪ε
(
T
p
)n−3+ε (
1 +
T
p
n
n−1
)
holds uniformly for any ξ ∈ Fnp and for any prime p 6 T .
Proof of eorem 4.2 for the case n > 4. On recalling the Lang-Weil estimate (35), we infer that from
Proposition 4.5 and (39) that
V (T ;Tα ,T ) 6
∑
T α6p6T
∑
ξ∈Z (Fp )
Vp(T ; ξ )
≪ε
∑
T α6p6T
pn−3 ×
(
T
p
)n−3+ε (
1 +
T
p
n
n−1
)
≪ε
∑
T α6p6T
(
Tn−3+ε
pε
+
Tn−2+ε
p1+
1
n−1+ε
)
≪εTn−3+ε ×
T 1−ε
logT
+Tn−2+ε ×T− αn−1 ≪ε
Tn−2
logT
,
for any 0 < ε < min(12 , αn−1 ). It remains to fix ε > 0 small enough depending only on α to get the
desired dependence for the implicit constant. 
4.3. A geometric sieve for affine quadrics. e Ekedahl sieve [10] (or the geometric sieve) has
been generalised and applied by several authors to similar counting problems for the affine space
An [18, eorem 3.1] (also over some other base fields), and in some more general seing [2]. e
goal of this section is to generalise this sieve method to affine quadrics. e idea is inspired by a
discussion with Tim Browning, to whom we express our gratitude.
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eorem 4.7. Let N1 = T ,N2 = ∞ in (33). en
V (T ;T ,∞) = O
(
Tn−2
(logT ) 12
)
4.3.1. Proof of eorem 4.7. Let us first fix a diagonal integral model for the affine quadratic Vm:
(40)
n∑
i=1
aix
2
i =m.
is may affect (33) via a different choice of equivalent height functions in terms of the equation of
Q , which is clearly negligible. We may assume that an−1 ·an > 0. By multiplying −1 to the equation
(40) if necessary we can assume that both of them are > 0. We can furthermore assume that an = 1,
and all other ai ’s are integers and square-free, and we write from now on an−1 = a > 0.
Next, upon enlarging the codimension two subvariety Z , we can assume that Z is the locus of
(40) together with two polynomials f ,д satisfying f ∈ Z[x1, · · · ,xn−1],д ∈ Z[x1, · · · ,xn−2]. In
order to do so, let us consider the maps pr1 : A
n → An−1, pr2 : An−1 → An−2, and pr3 = pr2 ◦ pr1,
the first (resp. second) being the projection onto the first (n − 1) (resp. (n − 2)) coordinates. Since
dim(Z ) = n − 3, its image pr3(Z ) has codimension at least one in An−2. erefore we can choose
д ∈ Z[x1, · · · ,xn−2] such that pr3(Z ) ⊆ Z ′ := (д = 0) ⊂ An−2. On the other hand, since the
map pr1 |Vm is affine and finite, the closed subset pr1(Z ) ⊂ An−1 has codimension at least two,
and pr1(Z ) ⊂ pr−12 (Z ′) = Z ′ × A1, the laer being of codimension one in An−1. We can choose
f ∈ Z[x1, · · · ,xn−1] such that pr1(Z ) ⊂ (f = 0) ∩ pr−12 (Z ′). is gives
Z ⊂ Vm ∩ (f = д = 0) ⊂ An .
Note that this above procedure may be reformulated using the elimination theory.
Case 1. First of all we recall a quantitative version of Ekedahl’s geometric sieve [10], due to
Bhargava [2].
Lemma 4.8 ([2] Lemma 3.1 &eorem 3.3). Let Y ⊂ AN
Z
be a subvariety of codimension k . en for
anyM ≫Y 1,
(1) #{x ∈ Y (Z) : ‖x‖ 6 T } = OY (TN−k );
(2) #{x ∈ ZN : ∃p > M, x mod p ∈ Y } = OY
(
T N
Mk−1 logM +T
N−k+1
)
.
We are going to consider three conditions in which we can reduce the problem to the affine
space An−2 via the fibration pr3 |Vm and adopt Lemma 4.8 to get satisfactory upper bounds. If f
is constant in the variable xn−1, then Z = (Y1 × A2) ∩ Vm where Y1 = (f = д = 0) ⊂ An−2 is of
codimension two. Otherwise, if f is non-constant in xn−1, then by an induction on the degree of
f in xn−1 plus the above elimination process, we may assume that the leading coefficient of f in
xn−1, say h ∈ Z[x1, · · · ,xn−2], together with д, defines a codimension two subvariety Y2 ⊂ An−2.
We now extract the set B1 consisting of x ∈ Zn−2 verifying at least one of the following condi-
tions:
• д(x) = 0;
• the polynomial f is constant in xn−1 and ∃p > T , x mod p ∈ Y1;
• the polynomial f is non-constant in xn−1, and ∃p > T such that p | д(x), and f (x,xn−1), as a
polynomial in xn−1, is ∈ pZ[xn−1]. In particular this implies p | h(x) and thus x mod p ∈ Y2.
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On rearranging the contribution from V (T ;T ,∞) by fixing the first n − 2 variables and sum-
ming over integral points on the fibres of pr3 |Vm , we introduce V1(T ;T ,∞) to bound the overall
contribution in the subcases above:
V1(T ;T ,∞) := #{X = (x1, · · · ,xn) ∈ Vm(Z) : ‖X‖ 6 T , (x1, · · · ,xn−2) ∈ B1}
6
∑
‖x‖6T
x∈B1
H1(x) 6
©­­­­­­«
∑
x∈Zn−2 :‖x‖6T
д(x)=0
1 +
∑
(if f is constant in xn−1)
x∈Zn−2 :‖x‖6T
∃p>T ,x mod p∈Y1
1 +
∑
(if f is non-constant in xn−1)
x∈Zn−2 :‖x‖6T
∃p>T ,x mod p∈Y2
1
ª®®®®®®¬
H1(x),
where for any x ∈ Zn−2,
H1(x) := #{(u,v) ∈ Z2 : u2 + av2 =m −
n−2∑
i=1
aix
2
i }.
We have clearlyH1(x) = Oε(T ε ) for any ‖x‖ 6 T . As for the three sums in bracket, one uses Lemma
4.8 ((1) applied to the codimension one subvariety (д = 0) ⊂ An−2 for the first sum, and (2) applied
to the codimension two varieties Y1,Y2 ⊂ An−2 in the remaining two sums), and gets
(41) V1(T ;T ,∞) = O
(
Tn−3 +
Tn−2
T logT
+Tn−3
)
×Oε(T ε ) = Oε(Tn−3+ε ).
Case 2. Let us consider from now on the set B2 of x ∈ Zn−2 verifying all of the conditions below:
• д(x) , 0;
• for any p > T , f (x,xn−1) mod p is a non-zero polynomial in xn−1.
To give an upper bound for the overall contribution in Case 2, we consider
V2(T ;T ,∞)
:= #{X = (x1, · · · ,xn) ∈ Vm(Z) : ‖X‖ 6 T ,∃p > T ,p | д(X),p | f (X), (x1, · · · ,xn−2) ∈ B2}
6
∑
x∈B2 ,‖x‖6T
∃u,v∈Z,m−∑n−2i=1 aix2i =u2+av2
H2(x),
where for any x ∈ Zn−2,
H2(x) :=
∑
p:p>T
p |д(x)
∑
y∈Z,|y |6T
p | f (x,y)
#{z ∈ Z : z2 =m − ay2 −
n−2∑
i=1
aix
2
i }.
Under the assumption that x ∈ B2, we have,∑
p:p>T
p |д(x),0
1 = O(degд),
INTEGRAL POINTS ON AFFINE QUADRICS 21
because д(x) , 0, and д(x) ≪ T degд, so the number of primes > T dividing д(x) is ≪ degд.
Moreover, for any p > T , ∑
y∈Z,|y |6T
p | f (x,y)
1 ≪ (deg f )
(
T
p
+ 1
)
= O(deg f ),
because f (x,xn−1) mod p is a non-zero polynomial in xn−1. Hence all implicit constants above
depend only on the polynomials f ,д, that is, the variety Z . So
H2(x) ≪ O(1) ×O(1) ×O(1) = O(1).
Returning to the error term V2(T ;T ,∞). e bound for H2(x) results in
V2(T ;T ,∞) ≪ #C(T ) ×O(1),
where
C(T ) := {x ∈ Zn−2 : ‖x‖ 6 T ,∃u,v ∈ Z,m −
n−2∑
i=1
aix
2
i = u
2
+ av2}.
We are reduced to bounding #C(T ). For this we appeal toeorem 1.6, whose proof will be given
in the next section, by seing Q1(x) = m −
∑n−2
i=1 aix
2
i and Q2(u,v) = u2 + av2. If n > 4, then the
affine quadric (Q1(x) = 0) ⊂ An−2 is clearly smooth. When n = 3, the condition −m detQ ,  is
equivalent to the stated one in eorem 1.6. So all assumptions of eorem 1.6 are satisfied. We
thus obtain
(42) V2(T ;T ,∞) ≪ T
n−2
(logT ) 12
.
Finally, thanks to
V (T ;T ,∞) 6 V1(T ;T ,∞) +V2(T ;T ,∞),
the bounds obtained in Case 1 (41) and in Case 2 (42) complete the proof. 
4.4. A half-dimensional sieve for affine quadrics. e goal of this section is devoted to prov-
ing eorem 1.6. Our strategy is based on an upper-bound version of the combinatorial sieve in
dimension one half, developed in works [11] [12]. Keeping the notations in eorem 1.6, let us fix
throughout this section a quadratic polynomial Q1(x) ∈ Z[x1, · · · ,xM ], and a primitive positive-
definite integral quadratic form Q2(u,v). Let DQ2 be the discriminant of the form Q2. We have
DQ2 6 −3. We shall give full details for the case M > 2 in §4.4.3, and we indicate necessary
modifications in §4.4.4 for the caseM = 1, as is already inexplicit in [12, Remarks 2 p.2].
4.4.1. Representation by binary quadratic forms. To start, let us define two arithmetic functions b(·)
and b∗(·), characterizing integers represented by the form Q2(u,v). First define
(43) PQ2 =
{
p :
(
DQ2
p
)
= −1
}
,
where
(
·
p
)
is the Legendre symbol of modulus p. For n ∈ Z, let
(44) b(n) =
{
1 if ∃u,v ∈ Z,n = Q2(u,v);
0 otherwise,
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and
(45) b∗(n) =
{
1 if ∀p | n,p < PQ2 ;
0 if ∃p ∈ PQ2 ,p | n.
We now collect some well-known facts about representation of integers by primitive binary
quadratic forms of negative discriminant. See for example [14, Lemmas 1 & 2]. If there exists
p ∈ PQ2 such that n = p2k+1m, with k ∈ N, gcd(p,m) = 1, then b(n) = 0. So, if b(n) = 1, then for
any p ∈ PQ2 ,p | n, there exists k ∈ N, such that p2k ‖n. We conclude from this that if b(n) = 1 then
b∗(n/r ) = 1 with certain r | n square-full, whose prime divisors (if any) are all in PQ2 . e function
b∗ is clearly multiplicative, however it is not the case for b in general.
4.4.2. e half-dimensional sieve. Let A = (ai )i∈I be a finite sequence of integers indexed by I .
For any r ∈ N,0, let Ar be the subsequence consisting of elements of A divisible by r . at is,
Ar = (ai)i∈Ir with Ir = {i ∈ I : r | ai}. Let P be a subset of prime numbers. For any z > 1, define
the siing function
S(A,P, z) := #{i ∈ I : gcd(ai ,
∏
p:p∈P
p<z
p) = 1}.
Wewill employ the following version of the half dimensional sieve due to Friedlander and Iwaniec.
eorem 4.9 ([11] eorem 1, [12] Lemma 1). ere exists a continuous functionG : ]0,∞[→ R>0
such that, for any arithmetic function ϱ verifying ϱ(p) , p for any p ∈ P, and
(46)

∑
p:p∈P
p<z
ϱ(p)
p − ϱ(p) logp −
1
2
log z
 6 K,
for certain K > 0, we have, for any y, z > 2,
S(A,P, z) 6 X
(
G
(
logy
log z
)
+OK((logy)−
1
5 )
) ∏
p:p∈P
p<z
(
1 − ϱ(p)
p
)
+
∑
d<y
p |d⇒p<z,p∈P
|R(d)|,
where X = #A(= #I ) and
R(d) = #Ad −
ϱ(d)
d
X .
4.4.3. Proof of eorem 1.6 for the case M > 2. We consider
A(T ) = {Q1(x)}x∈ZM :‖x‖6T .
For r ∈ N,0, we define the subsequence
A(T )r = {Q1(x)/r }x∈ZM :‖x‖6T
r |Q1(x)
.
Consider the arithmetic multiplicative functions ω, ϱ, defined for N ∈ N,0,
ω(N ) := #{ξ ∈ (Z/NZ)M : Q1(ξ ) ≡ 0 mod N }, ϱ(N ) := ω(N )
NM−1
.
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en ω(N ) ≪ε NM−1+ε . We have, by Chinese remainder theorem, for any N ∈ N,0,
#A(T )N =
∑
ξ∈(Z/NZ)M
Q1(ξ )≡0 mod N
#{y ∈ (NZ)M : ‖y + ξ ‖ 6 T }
= ω(N )
(
T
N
+O(1)
)M
.
(47)
Our ultimate goal is to give non-trivial upper bounds for
(48)
∑
x∈ZM ,‖x‖6T
b(Q1(x))
via S(A,P, z) and to apply the eorem 4.9 with appropriately chosenA,P, z. Our discussion in
§4.4.1 shows that
(49)
∑
x∈ZM ,‖x‖6T
b(Q1(x)) 6
∗∑
r
∑
x∈ZM ,‖x‖6T
b∗(Q1(x)/r ),
where the sum with superscript ∗ means that r is restricted to square-full integers whose prime
divisors are all in PQ2 (43). By assumption, the affine variety (Q1 = 0) is smooth modulo any
sufficient large p, we have by Lang-Weil estimate [15],
ϱ(p) = 1 +O(p− 12 ).
Let us define
(50) P′Q2 = PQ2 \ {p : ϱ(p) = p}.
Since there are at most finitely primes p verifying ϱ(p) = p, the primes in the set PQ2 , and hence
P′Q2 , have density one half amongst the prime residues modulo DQ2 . With these notions, for any
r ∈ N,0, λ > 0, one has
(51)
∑
x∈ZM ,‖x‖6T
b∗(Q1(x)/r ) 6 S(A(T )r ,PQ2,T λ) 6 S(A(T )r ,P′Q2 ,T λ).
We observe that it suffices to deal with sufficiently small r ’s, more precisely r < Tγ for certain
0 < γ < ∆M :=
1
4M . Because once a square-full r = q
2 | Q1(x) for some ‖x‖ 6 T , we have
q 6
√
|Q1(x)| ≪ T , and so by (47),
#A(T )q2 = #{x ∈ ZM : ‖x‖ 6 T ,q2 | Q1(x)}
≪ ω(q2) ×
((
T
q2
)M
+ 1
)
≪ε (q2)M−1+ε ×
((
T
q2
)M
+ 1
)
≪ε
TM
q2−ε
+ q2M−2+ε .
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en the contribution from all such q ∈ [T γ2 ,T 12+∆M ] is∑
q∈[T
γ
2 ,T
1
2+∆M ]
#A(T )q2 ≪ε TM−
γ
2
+ε
+TM−∆M+ε ≪ TM−γ2 +ε .
is is satisfactory compared to the expected leading term T
M√
logT
. Next, for
(52) T
1
2+∆M < q ≪ T ,
we regard the (M + 1)-tuple (x,q) = (x1, · · · ,xM ,q) as an integral point on the affine quadric
Qs(x,q) : Q1(x) − sq2 = 0,
where s is an auxiliary integer parameter satisfying s ≪ T 1−2∆M , thanks to the preassigned bound
(52) for q. We want to insert the uniform upper bound ineorem 4.3 for the quadricsQs(x,q)with
s , 0. Recall that we assume M > 2, so rk(Qs)0 > 2 whenever s , 0, and moreover the quadratic
polynomialQ1(x) − sq2 is irreducible. Since otherwise Q1(x) − sq2 = (s1q +A1(x))(s2q +A2(x)) and
this would imply that Q1(x) = A1(x)A2(x), a contradiction to the assumption that (Q1(x) = 0) is
smooth. So the hypotheses of eorem 4.3 are verified. As for s = 0, we use the evident upper
bound (Lemma 4.8 (1))
B(T ) := #{x ∈ ZM : ‖x‖ 6 T ,Q1(x) = 0} ≪ TM−1 .
We conclude that the contribution of such q in this case is∑
T
1
2 +∆M <q≪T
#A(T )q2 ≪ B(T ) +
∑
0,s≪T 1−2∆M
#{(x,q) ∈ ZM+1 : ‖(x,q)‖ ≪ T ,Qs (x,q) = 0}
≪ε TM−1 +
∑
06s≪T 1−2∆M
TM+1−2+ε ≪ TM−2∆M+ε .
is is also satisfactory and proves our claim. Gathering together (49) (51), equation (48) now
writes ∑
x∈ZM ,‖x‖6T
b(Q1(x)) 6
∗∑
r<T γ
∑
x∈ZM ,‖x‖6T
b∗(Q1(x)/r ) +
∑
T
γ
2 6q≪T
#A(T )q2
6
∗∑
r<T γ
S(A(T )r ,P′Q2,T λ) +Oε(TM−
γ
2
+ε ),
(53)
where 0 < γ < ∆M , λ > 0 are to be chosen later. Everything now boils down to the estimation of
S(A(T )r ,P′Q2,T λ).
Our task is to apply eorem 4.9 to eachA(T )r . By taking a crude estimate on the error term of
(47), we get
(54) Xr := #A(T )r = ω(r )
rM
TM +O(rM−1+εTM−1).
We define arithmetic functions
ωr (N ) :=
ω(rN )
ω(r ) , ϱr (N ) =
ωr (N )
NM−1
=
ϱ(rN )
ϱ(r ) , N ∈ N,0,
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for ω(r ) , 0. Otherwise we simply put ωr = ϱr = 0. Let us now verify that whenever ω(r ) , 0, the
function ωr , and hence ϱr , is multiplicative. Indeed, for any N ∈ N,0, we factorize N = N1N2, r =
r1r2 such that gcd(r1N1, r2N2) = 1. en
ωr (N ) =
ω(r1r2N1N2)
ω(r1r2)
=
ω(r1N1)
ω(r1)
ω(r2N2)
ω(r2)
=
ω(r1N1)ω(r2)
ω(r1)ω(r2)
ω(r2N2)ω(r1)
ω(r2)ω(r1)
=
ω(rN1)
ω(r )
ω(rN2)
ω(r ) = ωr (N1)ωr (N2).
By Hensel’s lemma, for any p ≫ 1 (such that the variety (Q1 = 0) mod p is smooth) and p | r , one
has ω(pr ) = ω(r )pM−1, and ω(rp) = ω(r )ω(p) for p ∤ r by Chinese remainder theorem, and hence
(55) ϱr (p) =
{
ϱ(p) if p ∤ r ;
1 if p | r .
is implies ϱr (p) = 1 + O(p− 12 ) uniformly for any p ≫ 1 and any r ∈ N,0, so by Mertens’ first
theorem on arithmetic progressions (c.f. [13, eorem 2.2]), the hypothesis (46) is verified for the
arithmetic function ϱr and the set P′Q2 uniformly for any r (that is, the remainder term K in (46)
depends only on the polynomial Q1 and is independent of r ).
Next we need to evaluate for each d ∈ N,0 square-free, the cardinality of the subsequence
A(T )rd , using (54) and the definition of ωr , ϱr .
#A(T )rd =
ω(dr )
(dr )MT
M
+O(ω(dr )TM−1)
=
ωr (d)
dM
ω(r )
rM
TM +O((dr )M−1+εTM−1)
=
ϱr (d)
d
Xr +O((dr )M−1+εTM−1).
Define
Rr (d) := #A(T )rd −
ϱr (d)
d
Xr .
e above computation shows that
Rr (d) = O((dr )M−1+εTM−1).
On applying eorem 4.9 with z = T λ,y = T β , for λ, β > 0 small enough, we get, for each r
square-full with all prime divisors in PQ2 ,
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S(A(T )r ,P′Q2 ,T λ)
6
(
G(β/λ) +O((logT )− 15 )
)
Xr
∏
p:p∈P ′Q2
p<T λ
(
1 − ϱr (p)
p
)
+O
( ∑
d<T β
Rr (d)
)
6
(
G(β/λ) +O((logT )− 15 )
) ©­­­­­«
ω(r )
rM
∏
p:p∈P ′
Q2
p<T λ
(
1 − ϱr (p)
p
)ª®®®®®¬
TM +O
( ∑
d<T β
(dr )M−1+εTM−1
)
.
anks to (55), the leading term in the last expression, up to the factor
(
G(β/λ) +O((logT )− 15 )
)
TM ,
can be wrien as ©­­­­­«
∏
p:p<T λ
p∈P ′Q2
(
1 − ϱ(p)
p
)ª®®®®®¬
×
©­­­­«
ω(r )
rM
∏
p:p |r
p∈P ′
Q2
((
1 − 1
p
) (
1 − ϱ(p)
p
)−1)ª®®®®¬
.
e series
∑
r= cr , formed by
cr :=
ω(r )
rM
∏
p:p |r
p∈P ′
Q2
((
1 − 1
p
) (
1 − ϱ(p)
p
)−1)
=
ω(r )
rM
∏
p:p |r
p∈P ′
Q2
p − 1
p − ϱ(p) ,
converges, because
cr ≪ε r
M−1+ε
rM
× r ε ≪ε 1
r 1−ε
.
We therefore conclude∑
r=,r<T γ
p |r⇒p∈PQ2
S(A(T )r ,P′Q2 ,T λ)
6
©­­­­­«
(
G(β/λ) +O((logT )− 15 )
)
TM
∏
p:p<T λ
p∈P ′
Q2
(
1 − ϱ(p)
p
)ª®®®®®¬
©­­­«
∑
r=
p |r⇒p∈PQ2
cr
ª®®®¬ +Oε
©­­­­«
∑
r ,d∈N,0
r<T γ ,d<T β
(dr )M−1+εTM−1
ª®®®®¬
≍β ,λ
TM√
(logT )
+O
(
TM
(logT ) 12+ 15
)
+Oε (TM−1+(γ+β)M+ε ).
(56)
On taking γ , β > 0 small enough, and on taking (53) into account, we finish the proof of eorem
1.6.
INTEGRAL POINTS ON AFFINE QUADRICS 27
Remark 4.10. It would be interesting to ask whether a lower bound of expected magnitude T
M√
logT
exists for (48), just as was established in [12, eorem 1] for the case M = 1 under some mild
assumptions.
4.4.4. Sketch of proof of eorem 1.6 for the caseM = 1. In this case it is equivalent to showing: For
b1,b2 ∈ Z,0, assume that DQ2b1b2 , . en
#{x ∈ Z : |x | 6 T : ∃u,v ∈ Z,b1x2 + b2 = Q2(u,v)} ≪ T√
logT
.
Most reasoning (especially the treatment of error terms) is akin to the one in §4.4.3. We choose to
only outline how the dominant term comes out, which is the major difference between these two
cases.
LetD be the square-free fundamental discriminant of the polynomial b1x
2
+b2. We may assume
that b1 > 0, as the caseb1 < 0 is trivial the set above has finite cardinality. Let us keep the notations
defined in §4.4.3. en for any p ∤ 2b1b2,
ϱ(p) =
{
2 if
(
D
p
)
= 1;
0 otherwise.
As we assume DQ2b1b2 , , then the Legendre symbols of DQ2 and D are “independent”. More
precisely, let D0 =
∏
p |DQ2D p, then if we break all primes into residues modulo D0, then exactly
ϕ(D0)/4 (where ϕ is the Euler totient function), that is one quarter of the residue classes verify(
DQ2
p
)
= −
(
D
p
)
= −1.
So by Mertens’ theorem regarding primes in arithmetic progressions, one deduces that∑
p:p∈PQ2
p<z
ϱ(p)
p − ϱ(p) logp ∼
∑
p:
(
D
p
)
=−
(
D
p
)
=−1
p<z
2 logp
p
∼ 2 × 1
ϕ(D0)
ϕ(D0)
4
log z =
1
2
log z,
thereby verifying the condition (46) in the half-dimensional sieve (eorem 4.9). So the dominant
term in (56) takes the desired form:
T
∏
p∈PQ2
p<T λ
(
1 − ϱ(p)
p
)
= T
∏
p:
( DQ2
p
)
=−
(
D
p
)
=1
p<T λ
(
1 − 2
p
)
≍ T√
logT
.
Remark 4.11. To further clarify Remark 1.7 at this point, note that if DQ2b1b2 = , which is
equivalent to DQ2D = , then (
DQ2
p
)
= −1⇔
(
D
p
)
= −1.
e main term in the siing function now goes like
T
∏
p∈PQ2
p<T λ
(
1 − ϱ(p)
p
)
= T
∏
p∈PQ2
p<T λ
(
1 − 2
p
)
≍ T ,
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which does not give the log saving.
5. De´nouement
We are finally in a position to gather together fragmentary estimates obtained in preceding
sections to prove our main theorems.
Proof of eorems 1.3 and 1.4. Keeping the notations in eorems 3.4, 4.1, 4.2, 4.7, we begin by
choosing appropriate parameters to make the error term satisfactory. Let α > 0 satisfy
0 < α <
δVm (n − 2)
(3n−2)(n−1)
2 + n − 2
.
Fix ε = 1 in the error term Er(T ,M) (31) ineorem 3.4. Wewant take sufficiently largeM satisfying
M log 2 +
( (3n − 2)(n − 1)
2
+ n − 3 + ε
) ∑
p<M
logp <
α
2
logT ,
so that
2Ω(PM,S )P
(3n−2)(n−1)
2
+n−2
M,S
< T
α
2 .
It suffices to take
M ≍α logT ,
since (c.f. [1, Proposition 10]) ∑
p<X
logp = O(X ),
and
Ω(PM,S) ∼
M
logM
< M .
erefore
Er(T ,M) = Oα
(
Tn−2−
α
2 +
Tn−2
logT
)
.
is is satisfactory, as the choice of α depends only on Vm . We thus have, with the choice N1 =
N1(T ) = M < N2 = N2(T ) = Tα ,
N SU (T ) = N S,MU (T ) +O (V (T ;M,Tα ) +V (T ;Tα ,T ) +V (T ;T ,∞))
= τ∞(Vm,T ) ©­«
∏
p∈S
τˆp(ξp ;Vm)ª®¬ ©­«
∏
p<S,p<∞
τˆp(Z ;Vm)ª®¬
+O
(
Er(T ;M) + T
n−2
M
+
Tn−2
logT
+
Tn−2
(logT ) 12
)
= τ∞(Vm,T ) ©­«
∏
p∈S
τˆp(ξp ;Vm)ª®¬ ©­«
∏
p<S,p<∞
τˆp(Z ;Vm)ª®¬ +O
(
Tn−2√
logT
)
.
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We next recover the infinite product of local factors in eorem 3.4. A comparison of leading
terms from (21) and eorem 3.4 gives
τ∞(Vm,T ) ©­«
∏
p∈S
τˆp(ξp ;Vm)ª®¬ ©­«
∏
p<S,p<∞
τˆp(Z ;Vm)ª®¬
∼ NVm (T )∏
p<∞ τˆp(Vm)
©­«
∏
p∈S
τˆp(ξp ;Vm)ª®¬ ©­«
∏
p<S,p<∞
τˆp(Z ;Vm)ª®¬
=NVm (T )
©­«
∏
p∈S
τˆp(ξp ;Vm)
τˆp(Vm)
ª®¬ ©­«
∏
p<S,p<∞
τˆp(Z ;Vm)
τˆp(Vm)
ª®¬ ,
because are infinite products (24) are absolutely convergent by Lemma 2.1. (Recall that we always
assume that Vm(Z) , , so all the denominators above are non-zero.) So the proof of eorem 1.4
is thus achieved. 
Proof of eorem 1.5.With exactly the same argument as before, we appeal correspondingly to
eorems 3.5, 4.1, 4.2 and 4.7 to get an asymptotic formula for N S
U
(T ).
e verification for the leading term in eorem 1.5 is similar. Indeed, it suffices to care about
every single orbit OA satisfying (*) and δ (OA) > 0. In particular τˆ (OA) , 0 for any prime p. en
substituting the main term of (27) into that of eorem 3.5 gives
τ∞(OA,T ) ©­«
∏
p∈S
τˆp(OA; ξp)ª®¬ ©­«
∏
p<S,p<∞
τˆp(OA;Z )ª®¬
∼NOA(T )
L(1, ϱH )δ (OA)
(∏
p∈S Lp(1, ϱH )−1τˆp(OA; ξp)
) (∏
p<S,p<∞ Lp(1, ϱH )−1τˆp(OA;Z )
)
L(1, ϱH )δ (OA)
(∏
p<∞ Lp(1, ϱH )−1τˆp(OA)
)
=NOA(T )
©­«
∏
p∈S
τˆp(OA; ξp)
τˆp(OA)
ª®¬ ©­«
∏
p<S,p<∞
τˆp(OA;Z )
τˆp(OA)
ª®¬ .
Again because the infinite products (28) in Lemma 2.2 and in (27) are absolutely convergent.
To see that p-adic local factors (19) are the expected ones, we recall the discussion in §2 that
Vm(Zp) ⊂ Op for almost all p and (26) holds. So we are reduced to the previous proof. 
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